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1. Introduction 



^ ' Cosmic strings are linear topologically stable gravitational defects which appear in 



the framework of grand unified theories. These objects co uld b e produced in very 
early Universe as consequence of a vacuum phase transition.!!^ The spacetime pro- 
duced by an idealized cosmic string is locally fiat, however globally conical, with a 
planar angle deficit determined by the string tension. This conical structure pro- 
vides nonzero vacuum expectation values (VEVs) for different physical observables. 
In this context, the VEVs of t he energy-momentum tensor have been calculated for 
scalaJ2H3 and fermioni(Pl"im fields. Another type of vacuum polarization arises in 
the presence of boundaries. In this sense, the imposed boundary conditions on quan- 
tum fields alter the zero-point fiuctuation spectrum and result in additional shifts in 
the VEVs of physical quantities, such as the energy density and stresses. This is the 
well-known Casimir effectB The analysis of the Casimir effect in the idealized cos- 
mic string spacetime have been developed for scalar ,112 vector l^^ l ^^l and fermionic 
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''See Ref. 112 1 for a review about the Casimir effect. 
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fields pSn^ respectively, obeying boundary conditions on cylindrical surfaces. Con- 
tinuing along this line of investigation, here we shall analyze the contribution on 
the vacuum polarization effects, in a higher-dimensional cosmic string spacetime, 
induced by a scalar field obeying Dirichlet or Neumann boundary conditions on a 
flat surface orthogonal to the string. 

2. Green Function 

This section is devoted to calculate the Green function associated with a mas- 
sive scalar quantum field propagating in a Z3-dimensional cosmic string space- 
time. Adopting the coordinate system cc' = (t, r, (/?, z, x'), with G [0, 27r], and 
t, z, e {—oo, oo), the line element is given by 

ds^ = gf.^dx^'dx" = -dt^ + dr^ + a^r'^dip^ + dz^ + ^ {dx^f . (1) 

The cosmic string is located on the subspace defined by r = 0, being r ^ the radial 
polar coordinate. In ([1]) the parameter a, smaller than unity, codifies the presence 
of the string. 

The equation which governs the propagation of a massive scalar field in an 
arbitrary curved spacetime has the form: 

(□ - m2 - ^R) cf^ix) = , (2) 

with □ denoting the covariant d'Alembertian and R is the scalar curvature. We have 
introduced in ([2|) an arbitrary curvature coupling ^. Moreover, we shall assume that 
the field obeys Dirichlet boundary condition on the hypersurface orthogonal to the 
string and located at z — 0: 

(j){x) = , z = . (3) 
The corresponding Green function should obey the differential equation, 

(□ - m2 - ^R) G{x, x') = , (4) 

besides the boundary condition 

In order to provide an explicit form for this Green function, we shall use the 
complete set of solutions of the eigenvalues equation, 

{D-m^ -^R)<i>,ix) =-aH,{x) , (5) 

with cr^ > 0. So we may write 

poo 

G{x,x')= I ds JC{x , x' : s) , (6) 
Jo 

where the heat kernel, lC{x, x' ; s), can be expressed in terms of this normalized 
complete set of eigenfunctions as follows: 

]C{x, x'; s)^Y. ■ (7) 



June 14, 2011 1:33 WSPC/INSTRUCTION FILE Polarization'2011' 



Vacuum Polarization by Flat Boundary 3 

The complete set of normalized solutions of ([5]), compatible with the boundary con- 
dition dSl), can be specified in terms of a set of quantum numbers {uj, q, n, fc^, fcj), 
where n — 0, ±1, ±2, ... , (oj, fc;) e (— oo, oo) and {q, k^) ^ 0. These functions 
are given by: 

r^gi(n¥'+k-x— tilt) 

<S?a{x) = 2Y'--^^--y^^-Yyy^J|„|/„(qr)sin(fc^z) , (8) 

being J^(a;) the Bessel function and x — {x*, . . . , x^^^). The corresponding posi- 
tively defined eigenvalue is given below: 

= LJ^ + + kl + -k^ + . (9) 

The heat kernel can be given in terms of the above eigenfunctions according to 
([7]) . After performing the integrals with the help of Ref. [T8| we obtain: 

9p-^-^"^^ f 77'\ +2? frr'\ 

where /^/(x) is the modified Bessel function and 

Ap2 = _At2 + + r'2 + Ax^ + + ^'2 ^ (^^^ 

with A(/j = tp — (p' , At = t — t' , Ax = X — x'. 

The next step is to integrate the heat kernel according to ([5]), to provide a 
closed expression for the Green function. Unfortunately, in general case, this is not 
possible. Only for massless fields and for specific values of the parameter a, the 
corresponding Green functions can be expressed in terms of a finite sum of the 
associated Legendre functions and the Macdonald ones, respectively. 

The case of a scalar field with Neumann boundary condition, dz(p — a,t z ~ 0, 
can be considered in a similar way. The corresponding eigenfunctions have the form 
(IS]) with the replacement sin(fczz) — cos{kzz). The expression for the heat kernel is 
obtained from dTU]) with the replacement sinh(2:z'/(2s)) — )■ cosh(zz'/(2s)). 



2.1. Special case 

The analysis of vacuum polarization effects associated with a quantum scalar field 
in a cosmic string spacetime when parameter a is equal to the inverse of an in- 
teger number p, i.e., when a = 1/p, have been considered by many authors.^^lEl 
Although being a very special situation, the corresponding analysis may shed light 
on the qualitative behavior of these quantities for non-integer p. For this c ase, th e 
expression of the heat kernel can be simplified with the help of the formula! ^ ^ 

-l-oo p-1 
n— — 00 ^ k—0 
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The corresponding heat kernel reads, 
where 

Vfc -At^ + Ax^ + + + + - 2rr' cos (A(^/p + 27rfc/p) . (14) 
Fmally, substituting the above function into ([6]), with the help of Ref. ITS] we get, 

= (2Tr\D/2 [/c/2-1 ("^'"^fe(-)) - /l3/2-l {mVk{+))] , (15) 

where 

Vfc(zF) = [-At^ + Ax^ + (z T z')^ + + - 2rr' cos (A(^/p + 27rfc/p)] . (16) 

In p5p and in what follows we use the notation 

f,{x) = i^.(x)/x^ (17) 

being K^{x) the Macdonald function. 

We can see that the Green function (fT5|) vanishes for z or z' being equal to zero. 
Moreover, it can be presented as the sum of two different contributions as shown 
below: 

G{x, x') = Gcs{x, x') + Gb(a;, x') . (18) 

In (fT8)l . Gcs{x, x') coincides with the Green function for a massive scalar field in the 
absence of the boundary. It is divergent at the coincidence limit and the divergence 
comes from the k — Q term. As to G\i{x,x'), it is a consequence of the boundary 
condition imposed on the field. This contribution is finite at the coincidence limit 
for points outside the boundary. 

The formula for the Green function in the case of Neumann boundary condition 
is obtained from p3|) changing the sign of the terms with Vk(+). Consequently, the 
boundary induced parts in the Green function, Gh{x, x'), for Dirichlet and Neumann 
scalars differ by the sign. 

2.2. General case 

For general case where p — 1/a is not an integer number, the Green function can be 
expressed in an integral form. Substituting the heat kernel ()10p into ([6]), the Green 
function can be expressed in terms of a sum of boundary- free and boundary-induced 
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parts, as exhibit below: 

+ 00 /'OO y 2 

(19) 

with 

V(^) = -At^ + Ay? + {zT z'f + + r'2 . (20) 
We can also verify that the Green function vanishes for z or z' equal to zero. 

3. Vacuum Expectations Values 

This section will be devoted to the calculations of vacuum polarizations effects 
induced by the boundary. Two main calculations will be performed. The evaluation 
of the VEV of the field squared, in the first part, followed by the corresponding 
evaluation of the energy-momentum tensor. 

3.1. Calculation of {<jp{x)) 

The evaluation of the VEV of the field squared is formally given by evaluating 
the Green function at the coincidence limit. However, in this analysis the complete 
Green function is given by the sum of the Green function is cosmic string spacetime 
in absence of boundary plus a boundary induced part. In this way we may write, 

m = + . (21) 

Because Gcs{x,x') is divergent at the coincidence limit, the renormalization proce- 
dure is needed only for the first contribution of the above expression. The second 
contribution is finite at the coincidence limit for points outside the hypersurface 
z — Q. Because the VEV of the field squared in the cosmic string spacetime has 
been analyzed by many authors, here we are mainly interested in the analysis of 
the quantum effects induced by the boundary. 

According to the previous section, we shall analyze the VEV of the field squared 
induced by the boundary for p being an integer number in the first part, and for 
the general case in the second one. 

3.1.1. Special case 

Being p an integer number, the VEV of the field squared induced by the boundary 
is given simply by taking the coincidence limit of Gh{x\ x) given in (fT5|) . The result 
is presented by the expression 

(</'')b = -(£^E/W2-i(W^'+^'^^) ' (22) 
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where 

Sfc = sin(7rfc/p) . (23) 
Below we present some asymptotic behaviors of in different hmiting regions: 



• For z ^ and for points far from the string, r 3> \z\, the dominant con- 
tribution comes from the fc = component and to the leading order we 
get 

,15-2 



m 



(27r)^/2 



/d/2-1 (2m|z|) . 



(24) 



• In the limit |z| ^ r and m\z\ 3> 1, the leading order term provides an 
exponentially suppressed behavior below. 



p m(^-3)/2g-2m|z| 



'° 2(47r)(-D-i)/2|zp-i)/2 ■ 
• For a massless field, and in the limit |z| ^ r, we obtain 
,^2x ^ pr{D/2-l) 1 



m-2 ■ 



(25) 



(26) 



'° (47r)^/2 

In Fig. [1] we exhibit the behavior of (|22p in the case of a D = 4 cosmic string 
spacetime as a function of the dimensionless variable mr for three distinct values 
of p = 2, 3, 4 and for mz — 0.5. We can see that the effect induced by the string 
becomes more relevant for larger values of p. 



-0.01 




Fig. 1. This graph provides the behavior of ((j>'^)h/m^ in a 4-dimensional cosmic string spacetime 
as a function of mr for mz = 0.5 and for several values of the parameter p (numbers near the 
curves). 
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3.1.2. General ease 



In the case of p being not an integer number, the VEV of the field squared induced 
by the boundary is obtained by taking the coincidence hmit of Gh{x',x) given in 
([T9l) . After a change of the integration variable it can be written as: 

(0^)b = dy y^/2-2,^(2.V^^+i).-™VV(2.) s^iy) , (27) 

with 

oo 

11=0 

where the prime means that the term with n — should be halved. 

In order to provide an explicit dependence of {(p)h with p, we shall use the 
formula below|_ 

Po 



iopr 

s 

= i V'e--(-/^) - ^ , (29) 

p zn Jq cosh(pa:) — cos(p7r) 

where po is an integer number defined by 2pQ < p < 2po + 2. 

Substituting (|29|) into (|27|) . the integration over y can be explicitly performed 
and one finds 



2m^-2 

k=0 



/D/2-i(2m^z2 + r24) 

nsh^ x] 

(30) 



P . , , fD/2-i{2mVz^+r^cosh^x) 

-— sm(p7r) / ax -— - — r — r 

TT Jq cosh(2pa;) — cos(p7r) 



It can be seen that for integer values p this result reduces to the expression 
Defining 

= mt'^ + , (31) 

in Fig. [2] we exhibit {(jP)^ /rn^ as a function of the parameter p for mz — 0.5 and 
for several values of mr (numbers near the curves) in a 4-dimensional spacetime 
{D = 4). Note that for the first term in the right-hand side of pip , for mz — 0.5 
one 



has « ~0.0152m2. 



3.2. Calculation of {Tf^^{x)) 

Following the same line of investigation, here we are interested to calculate the 
contribution induced by the boundary on the VEV of the energy- momentum tensor. 
Similar to the case of the field squared, the energy-momentum tensor is presented 
in the decomposed form, 

+ (r^.)b, (32) 



''The expression l|29| l is a special case of a more general formula derived in Ref. 1171 
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Fig. 2. The topological part in the boundary induced VEV of the field squared, {(fp)^ /m^ , in a 
4-dimensional cosmic string spacetime as a function of p for mz = 0.5 and for several values of mr 
(numbers near the curves). 



where (T)i[/)cs corresponds to the geometry of the cosmic string without boundaries. 
In order to evaluate the boundary induced part we shah use the fohowing expression: 

(T,,,)b = hm d^,d,Ghix, x') + iiC - 1/4) g^.D - ^(V^V. + R^,)] . (33) 

x' 

For the spacetime under consideration, R^^ = 0. 

Here we shall investigate only the cases of p be an integer number. Moreover, 
only two components will be separately examined: the energy-density, (Tg)b, and 
the pressure along axis, {T^)h- Due to the presence of the boundary the boost 
invariance along the z-axis is lost and, as a consequence, (T^) b {Tq)b- 



3.2.1. The energy- density 

Let us start with the energy-density: 

fc=o "fc 

- sU2z' + r\l + 4))]]:^£Zai^ + 2m(4e - l)(z^ + r^4) 

Uk 

xKD/2-ii'^muk)} , (34) 



where — z'^ + r'^sf, and Sk = sin(7rfc/p). 

In Fig. [3] we exhibit the VEV of the energy density induced by the boundary for 
a minimally coupled, ^ = 0, in the left plot, and conformally coupled, ^ = 1/6, in 
the right plot, massive scalar fields in a 4-dimensional spacetime, as a function of 
dimensionless variables mr and mz for p = 3. We can see that the energy density 
crucially depends on the curvature coupling parameter ^. 
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Fig. 3. The boundary induced part in the VEV of the energy density, (TOO)b/m*, is exhibited for 
minimally coupled (left plot) and conformally coupled (right plot) scalar fields in a 4-dimensional 
spacetime as a function of dimensionless variables mr and mz for p = 3. 



3.2.2. The pressure along the z—axis 

The pressure along the z— axis is important for the discussion about the pressure 
on the boundary presented in the following. The complete expression is: 

(T;(x)), = 7f^(l - 40 -j^ {[r'sUD - 2) - 2z^]Kn/2{2muk) 

+ 2ukmr^slKjy/2-i{2muk)} , (35) 

The vacuum effective pressure on the boundary, given by P = {T^)h,z=o, is finite 
for points r ^ and reads, 

P = (£^(1 - [iD~2)KnM2mrs,) 

+ 2mrskK D i2-i{2mrsk)\ ■ (36) 

Note that the dependence of the pressure on the curvature coupling parameter 
appears in the form of the factor (1 — 40- For a massless field, the above expression 
reduces to 

P m o^ (l-40^(iJ/2) ^ 2-D 

P=(D- 2) 2(47r)^/V^ ^ ■ 

In particular, for D ~ A this formula is explicitly evaluated by using 
YX=\ sin-^ (nk/p) = The resuh is: 

P = jr^(p'-^)- (38) 
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For the both minimany and conformally coupled scalar fields the corresponding 
effective pressure is positive. Although (l38l) has been obtained for integer value of 
p, it is an analytical function of this parameter, and by analytical continuation it 
remains valid for any value of p. 

In Fig. |4]we present the pressure on the boundary, P, for a minimally coupled 
scalar field in D = 4 as a function of mr for separate values of the parameter p 
(numbers near the curves). 




0.2 0.4 0.6 0.8 1.0 

mr 

Fig. 4. The normal vacuum stress on the boundary, P, for a minimally coupled scalar field in 
D = 4 as a function of mr for separate values of the parameter p (numbers near the curves) . 



4. Conclusion 

In this paper we have analyzed the effects induced by a flat boundary on the VEVs 
of the field squared and the energy-momentum tensor associated with a massive 
scalar field in a higher-dimensional cosmic string spacetime. The condition imposed 
on the field at the boundary is Dirichlet one. For a scalar field with Neumann 
boundary condition, the corresponding formulas for the VEVs of the field squared 
and the energy-momentum tensor are obtained from those given above by changing 
the sign of the boundary induced parts. In the presence of the boundary, the VEVs 
are given as a sum of two terms: the first one due to the cosmic string itself in 
the absence of boundary and the second terms induced by the boundary. Because 
the analysis of the VEVs associated with scalar fields in a pure higher-dimensional 
cosmic string spacetime have been developed in the literature, in this paper we 
were more interested to investigate the contribution induced by the boundary. Two 
distinct situations were considered: first one when the parameter which codifies the 
presence of the string is the inverse of an integer number, and in the second for 
general values of this parameter. For the first case, the Green function is expressed 
in terms of a finite sum of the Macdonald functions, while for the second one, only 
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an integral representation can be provided. 

For integer values of the parameter p, the boundary induced part in the VEV of 
the field squared is given by ((22|) and this part is always negative. For general case 
of the parameter p, we have provided the integral representation (j30[) . 

Another important local characteristic of the vacuum state is the VEV of 
the energy-momentum tensor. Similar to the field squared, the vacuum energy- 
momentum tensor is decomposed into pure topological and boundary induced parts. 
In the analysis of VEV of the energy-momentum tensor, only integer value of p 
has been considered in this paperQ Two components of the VEV of the energy- 
momentum tensor have been analyzed, the energy-density given by p4|) and the 
pressure along the z— axis, given by pSI) . 

The normal vacuum force acting on the plate is determined by the component 
(rj^)b evaluated on the boundary. This force is given by the expression (|36| for 
massive fields, and by (|37| for massless ones. Note that for a fiat boundary in 
Minkowski spacetime the normal stress vanishes and the effective force in the ge- 
ometry under consideration is induced by the presence of the string. For massless 
field in a 4— dimensional cosmic string spacetime the pressure is given by psp . 

The analytical results obtained in this paper explicitly show that the presence of 
a cosmic string increases the vacuum polarization effects induced by the boundary 
when compared with the corresponding ones in Minkowski spacetime. Regarding 
to the behavior of the VEV of the field squared, energy-density and the normal 
pressure on the boundary, some numerical results have been exhibited for a four 
dimensions, analyzing several different dependences. As our main conclusion we 
may say that the analytical results and the plots provide how relevant is the the 
presence of the cosmic string on the VEVs induced by the flat boundary. 
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